Throughout
this paper we will be concerned with Jordan algebras (possibly infinite-dimensional) over a field 4> of characteristic j^2 (though the results actually hold for Jordan rings as defined in [3] ). In [l] , N. Jacobson introduced a relation of connectedness between orthogonal idempotents in a Jordan algebra. According to this definition, two orthogonal idempotents ei and e2 are connected if there is an element x in the Peirce space %n which is invertible in the Peirce subalgebra 2fi7i+e2) = 2In+2Ii2+2I22 of the algebra Sf. If yElln is the inverse of x, then x-y = e\+e2, so Ci = Ueiix-y), e2 = Uei(x-y) (x, y E H12).
An algebra is n-connected if it contains n supplementary orthogonal idempotents e\, ■ • • , en which are pairwise connected. The fundamental Coordinatization
Theorem [l] says that an M-connected algebra for w^3 is a Jordan matrix algebra £>(£>", 7), where 3) is always alternative and is associative if w^4. In particular, all w-connected algebras for «3:4 are special.
A notion of connectedness for associative algebras 3) was introduced by W. Martindale in [5] : two orthogonal idempotents ex, e2 are iassociative) interconnected il the (associative) Peirce spaces satisfy 37i = ©laSsi, £>22 = ©2i£)i2. Then in the Jordan algebra 31 = 3)+ the Peirce space 2Ii2 = 372+37i satisfies 2 2 Sin = ei §Ii2ei, 2I22 = e22fi2e2.
This leads us to say that two orthogonal idempotents ei, e2 in an arbitrary Jordan algebra 21 are (Jordan) interconnected if Sin = £7,21,2, 2I22 = E722&-It is actually enough if ei E Ue/H\2, e2 E E722li2 since, if ei = 77,(2x2) for XiE^.12, then any aiE%n can be expressed as ai = ai-ei=Uei'^ai-x2 = 2UeiY^(avXi)-XiEUe^S.2i2 (here we use Uei(2xi-(x2i-ax)-Xi-ax) = UeiUXiaxEUeiUnilaiEUtl%22 = 0 by [3, p. 1074] ). Clearly, interconnectivity is a weaker condition than connectivity.
A supplementary family of orthogonal idempotents ex, ■ ■ ■ , en is interconnected if the idempotents are pairwise interconnected. This is equivalent to the condition (I) 8« = P«(S&) (i*j)
on the Peirce spaces, where Pa = Ue< is the projection on the Peirce space Sljj. In dealing with algebras without identity elements it is more convenient to work directly with the Peirce decompositions. If ex, • ■ ■ , en-x are nonzero nonsupplementary orthogonal idempotents we have the Peirce decomposition 31= ^Oj-o 8«j. We say the decomposition has length n, and tacitly assume w^2 (so there is at least one nonzero idempotent).
Such a decomposition is interconnected if we have the condition (I) for all i, j (0^i,j^n -1) and also the nondegeneracy condition (II) aa-%k = 0=* an = 0 (k^ i,j).
This is trivially satisfied if eY exists since as before fi^/= <!<,•-e/£a</ ■ Pa(%) = Pit {<*«• %} = Pa \ {an-St/*) • «,-*} = 0 (using Pti U^n = 0 if k?±i,j). In particular (II) is a consequence of (I) if % has an identity; in this case the decomposition relative to ex, ■ ■ ■ , en-i is interconnected if and only if e0, ex, ■ ■ ■ , e"-X is an interconnected family of nonzero supplementary orthogonal idempotents for e0=l -(ex+ • ■ ■ +en-i). Also, for algebras without identities we need only assume
As a consequence of (I) we also have
These two are equivalent since the first implies St.yStj* = St»y(Sfy»-SIi*) and since 2L,-2l,-*C2Iyj-We will derive the first one, and by symmetry we may assume ij^O. The calculation is the one we have used several times: %ik = 2t« -e( E U* ■ PaWl) (by (I))
An algebra is n-inierconnected if it has an interconnected Peirce decomposition of length n.
If 21 is w-interconnected, it is m-interconnected for any wigw. Indeed, unlike connectedness, interconnectedness is preserved if certain of the idempotents are "lumped together." For example, in a Jordan matrix algebra the diagonal idempotents eu are connected, but en and e22+ezz are interconnected without being connected. For algebras with identities we have the further properties that a homomorphic image of an w-interconnected algebra is ^-interconnected (or zero), that S3 is ^-interconnected if it has an w-interconnected subalgebra 21 with the same identity element, and hence that the split null extension (g = 21 ffi W of an w-interconnected algebra 21 by a unital bimodule 9JJ is w-interconnected.
These don't seem to hold for algebras without identities. Note that if we adjoin an identity to 2f, the resulting algebra is never interconnected.
One reason that interconnectedness is interesting is Theorem 1. Any Peirce decomposition of an arbitrary simple Jordan algebra is interconnected.
There is no reason to believe the decomposition must actually be connected even if the idempotents are primitive, though this is true for finite-dimensional algebras or algebras satisfying the axioms of [2, p. 246]. The consideration of algebras without identities is necessary here because a simple Jordan algebra need not contain an identity in general.
The main result of this paper will be to show that, in analogy with the case of connected idempotents, Theorem 2. Any n-interconnected Jordan algebra for n S; 4 is special.
This result was first conjectured by N. Jacobson. As a corollary of Theorems 1 and 2 we have Theorem 3. Any simple Jordan algebra with three nonzero orthogonal idempotents whose sum is not 1 is special. C93i/2, then 27 = P* {2Ii/233i/2} is an ideal in 27/or i = 0, 1.
This will allow us to construct ideals: to verify that SB = 57 + 37/2 +93i is an ideal we need only verify (SSo+S8i)2li/2CSi/2. In particular, with Si/2 = 27/2 we see £B =P0 {2l1/2} +2tI/2+Pi {2If/2} is always an ideal. The first step will be to establish (I). Applying the Lemma with e=ej, 33i/2 = 2li/2= E«vy 27; we see SB = S80+SBi/2+S8i is an ideal; it is nonzero since 27/2^0, so by simplicity it must be all of 21. Then %u = Piii%\/2) =Pui%) lori^j. This gives us (I) as long as jVO; for j = 0 we do the same thing with e=ei+ ■ ■ • +en-i, 27/2 = E«>*o 27o, to get 2I,i=P«(2l£,) (in order to have SBf^O we must use the hypothesis that ei, ■ • • , e"_i are not supplementary, i.e., e^l). To finish showing that our Peirce decomposition is connected we we must establish (II0). First suppose a0o-2lo* = 0. Then Coo-Sloy = aoo(2toAy) = (aoo2lofc)2tfc, = 0 for any j^k by (III). Letting e = d+ ■ ■ ■ +eB_iweseeoooGS3={ooe2lo(e)=21oo|oo2ti/27)=0}. But SB is an ideal in 21 (SB2Ii/2 = SB2Ii = 0 and SB27CS8 since (60ao)2li/2
Coo(ao2li/2) +ao(oo2li/2) = 0). Since SB isn't 21 it must be 0 by simplicity, and a0o = 0. Now suppose ao,-2lo«; =0 for 0, i, ky±. We will have to work a little harder to construct a suitable ideal containing aoi. By assumption we must have at least three distinct indices in this case. As before, aoi2Ioy = aoi(2lo*2lAj) = (a0i2Iot)2li,=0 for anyjVO, i and thus ao,GS3o< = {oo<G2lo,|o0i2Io* = 0 for all ky^O, i}. Note also that 3)-(1.7) show that the images of the 5i,-and 5,-,-yspan a subalgebra of 35 (we need wg:3 to be able to find i,j,k^). Since 5(8Iiy)C8iy(8li,)+8y,(SIi/) and At this point we digress to obtain two theorems about special universal envelopes. It seems necessary to require the existence of identity elements. is spanned by all du = dijdji then 27* is spanned by all du + dl = dtjdji + 44 = 2P«{(<7y + dl)-(dji + d*/)} E P,-,-(2l!y)
by orthogonality and ^*G35y" ^£35;;.
3. Proof of Theorem 2. Let 21= 2~lu-o a.-y be an interconnected Peirce decomposition of the Jordan algebra 21 relative toely ■ ■ ■ , en-i where »S4. To prove that 21 is special we shall construct an associative algebra 35 and an imbedding 5: 21-*33+.
Recall that if e is any idempotent, then the map a-*2La defines the Peirce specialization of the Peirce subalgebra 2lo(e) (or ai(e)) in the associative algebra of linear transformations on 2li/2(e) Note also that y{k) satisfies (2.2), since yff(a) ior a£2L;-is just the restriction of 2La to %kC%i/2(ek) = 2m* a**, and ai;--2Iyi = 0, for i,j, k?± implies atj = 0 by interconnectivity (II). Thus each 7* is 1-1 iorij^j, and as we saw in the proof of Theorem 4 this guarantees y{k)
is injective.
The first step will be to construct an algebra 35 = 2®»y and maps S*y, 5,-iy satisfying (1.1)-(1.7). We will choose the 25 y to be isomorphic to the spaces Si*' (k^i,j) under bijections <£y' such that (*> <*) a,-, »S.y a,y ® ,2Ly * 6« Thus we have constructed a specialization 5 of 21 in an associative algebra 35 which is injective, proving 21 is special.
